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ABSTRACT 

The Lagrangian of self-dual gauge theory in various formulations are reviewed. From 
these results we see a simple rule and use it to present some new non-covariant La- 
grangian based on the decomposition of spacetime into D = D\ + D2 + -D3. Our 
prescription could be easily extended to more complex decomposition of spacetime and 
some more examples are presented therefore. The self-dual property of the new La- 
grangian is proved in detail. We also show that the new non-covariant actions give 
field equations with 6d Lorentz invariance. 
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1 Introduction 



Chiral p- forms, i.e. antisymmetric boson fields with self-dual (p+l)-form field strengths 
play a central role in supergravity and in string theory, such as D = 6 and type 11B D = 
10 supergravity, heterotic strings [1] and M-theory five-branes [2]. In particular, they 
contribute to the "miraculous" cancelation of the gravitational anomaly in type-IIB 
supergravity or superstring theory. The first calculation of the gravitational anomaly 
for chiral p- forms was performed in [3] without using a Lagrangian but just guessing 
suitable Feynman rules that incorporate the chirality condition. 

It is well known that there is a problem in Lagrangian description of chiral bosons, 
since manifest duality and spacetime covariance do not like to live in harmony with 
each other in one action, as first seen by Marcus and Schwarz [4]. Historically, the non- 
manifestly spacetime covariant action for self-dual 0-form was proposed by Floreanini 
and Jackiw [5], which is then generalized to p-form by Henneaux and Teitelboim [6]. 
In general the field strength of chiral p-form A\... v is split into electric density £ H "" t p+ 1 
and magnetic density B n '" lp+1 : 



f-h—ip+i — Fii—i p+ i — <9[ii^-i 2 — ip+i] (1-1; 
1 

(pTiy: 



gii-ip+i = e h-i2 P +2 p*. ^ ^ ^ = ph---i P +i (1-2) 



in which F is the dual form of F. The Lagrangian is described by 

L = —B- (£- B) = —F il ... i (F il "' ip+1 - F il "' ip+1 ) (1.3) 
pi pi 

Note that in order for self-dual fields to exist, i.e. F — F, the field strength F and dual 
field strength F should have the same number of component. As the double dual on 
field strength shall give the original field strength the spacetime dimension have to be 
2 modulo 4. Above actions, however, lead to second class constraints and complicates 
the quantization procedure. 

Siegel in [7] proposed a manifestly spacetime covariant action of chiral p-form mod- 
els by squaring the second-class constraints and introducing Lagrange multipliers X a b 
into the action. The Lagrangian of chiral 2 form is described by 

Lsiegel = -^F abc F ahc + -\ ab J racd J rb cd (1.4) 

in which we define 

7 = F~F (1.5) 
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It is easy to see that the field equation = implies T = and we get the self- 
dual property. Using this property the other field equation = is automatically 
satisfied. Siegel action, however, does not have enough local symmetry to completely 
gauge the Lagrange multipliers away and suffers from anomaly of gauge symmetry. 

Note that, the self-dual relation F = F is a first-order differential equation which 
defines the dynamics of the chiral boson, contrast to other bosonic fields whose equa- 
tions of motion are usually second-order differential equations. This lead McClain, Wu 
and Yu to construct chiral field action in a first order form [8]. In this case, for the 
Lagrange multiplier itself not to carry propagating degrees of freedom one has to intro- 
duce an infinite number of auxiliary fields "compensating" the dynamics of each other. 
However, this infinite set corresponds to the infinite number of local symmetries which 
cause problems in choosing the right regularization procedure during the quantization. 

Pasti, Sorokin and Tonin in 1995 constructed a Lorentz covariant formulation of 
chiral p-forms in D = 2(p+l) dimensions that contains a finite number of auxiliary 
fields in a non-polynomial way [9]. For example, 6D PST Lagrangian is 

Lpst = -\F abc F abc + - 1 d m a(x)F mnl F> lr d r a(x) (1.6) 
o (o q ao q a) 

in which a(x) is the auxiliary field. In the gauge d r a = 5j, the PST formulation 
reduces to the non-manifest ly covariant formulation [5,6]. On the other hand, Perry 
and Schwarz [10] had shown that the non-covariant action (1.3) gives field equations 
with 6d Lorentz invariance. 

Recently, a new non-covariant Lagrangian formulation of a chiral 2-form gauge field 
in 6D, called as (3+3) decomposition, was derived in [11] from the Bagger-Lambert- 
Gustavsson (BLG) model [12]. The covariant formulation of the associated Lagrangian 
is constructed in [13], with the use of a triplet of auxiliary scalar fields. Later, a 
general non-covariant Lagrangian formulation of self-dual gauge theories in diverse 
dimensions was constructed [14]. In this general formulation the (2+4) decomposition 
of Lagrangian was found. 

In section 2 we review above formulations of self-dual 2-form in the decomposition 
of D = D\ + D 2 and find a simple rule. In section 3 we use the rule to construct 
new non-covariant actions of self-dual 2-form gauge theory in the decomposition of 
D = Di + D 2 + D 3 . We present a detailed proof about the self-dual property in the 
new Lagrangian. We also show in detail that the new non-covariant action gives field 
equations with 6d Lorentz invariance. In section 4 we generalize our prescription to 
construct a non-covariant action in the decomposition of D = D\ + D 2 + D 3 + _D 4 . Last 
section is devoted to a short conclusion. 
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2 Lagrangian in Decomposition: D = D\ + D2 

To begin with, let us first define a useful function : 

Lijk = Fyfc x (.F yfe — F y ' fe ), without summation over indices i, j, k (2.1) 
which is useful in the following formulations. 

2.1 D=l+5 

In the (1+5) decomposition the spacetime index A = (1, • • -,6) is decomposed as 

A = (l,d), with a = (2,- • -,6). Then Labc = ( L iab^ L dbc)- In terms of Labc, the 
Lagrangian is expressed as [14] 

Li +5 = ~ Yl L iab = -\^ub( FUh ~ F lhh )' has summation over a b (2.2) 

In table 1 we show all possible form in Labc and see that Li +5 picks up only L lhh . 
Self-dual property of L 1+5 had been proved in [14]. 

Table 1: Lagrangian in various decompositions: D = D 1 + D 2 . 



D=l+5 D=3+3 D=2+4 



123 




456 






123 


L a bc 


456 


^abb 




123 




456 




124 




356 






124 




356 






124 


L a ba 


356 




125 




346 






125 




346 






125 




346 




126 




345 






126 


L a ba 


345 


L- 1 aab 




126 




345 




134 




256 






134 




256 






134 




256 




135 




246 






135 




246 






135 




246 




136 




245 






136 




245 






136 


L a ab 


245 


L aab 


145 




236 






145 




236 






145 




236 




146 




235 






146 


L ' aab 


235 


L a ba 




146 




235 




156 




234 






156 




234 






156 




234 





2.2 D=3+3 

In the (3+3) decomposition [14] the spacetime index A is decomposed as A = (a, a), 
with a = (1, 2, 3) and d = (4, 5, 6). Then L ABC = (L ab c, L a bd, L ahb , L di)d ). Using table 1 
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it is easy to see that in terms of Labc the Lagrangian can be expressed as [14] 

L3+3 = — ^ ( E Labc + 3 ^2 Laba) (2.3) 

Let us make following interesting comments: 

1. Why there is the "3" factor before L abiL in above equation ? This is because that 
we have to include three kinds of L^ : L ab a, L ailb and L^ab- 

2. Note that choosing L 3+3 ~ J2L a bc + 3J2L adb will spoil the gauge symmetry 
SA ab = $ a fe which is crucial in proving the self-dual property of the Lagrangian. A 
simple rule to have this symmetry is that the choosing Lagrangian £3+3 shall contain all 
possible index "ab" in L ABC . More precisely, as L ABC = (L abc , L abh , L adb , L hbd ) the all 
possible term with index "ab" in Labc is L abc , L abil . As both terms have been included 
in L 3+3 , the Lagrangian thus has the crucial gauge symmetry. Self-dual property of 
L 3+3 had been proved in [13,14]. 

2.3 D=2+4 

In the (2+4) decomposition the spacetime index A is decomposed as A = (a, a), with 
a = (1, 2) and a = (3, • • -, 6). Then L ABC = {L abil , L adb , L dbd ). From table 1 it is easy 
to see that in terms of Labc the Lagrangian can be expressed as [14] 

^ + 4 = -^(E^ + ^EM (2-4) 

Self-dual property of L2+4 had been proved in [14]. Let us make following interesting 
comments: 

1. Why there is the \ factor before L ahb in above equation ? This is because that 
in table 1 L ahb contains both of left-line element and right-line element (for example, 
it includes Li 34 and L 2 56), thus there is double counting. 

2. From table 1 we see that the difference between the Lagrangian in decomposition 
D = 2 + 4 and D = 1 + 5 is that we have chosen left-hand (electric) part and right-hand 
(magnetic) part in D = 2+4, while in D = 1+5 we choose only left-hand (electric) part. 
In the self-dual theory the electric part is equal to magnetic part. Thus the Lagrangian 
choosing electric part is equivalent to that choosing magnetic part. However, in the 
decomposition into different direct-product of spacetime one shall choose different part 
of Lij k to mixing to each other. This renders the results to be different and we have 
many kinds of formulation, as shown in the next section. 
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3 Lagrangian in Decomposition: D = D\ + D2 + D3 



We now consider another decomposition of Lagrangian by: D = D 1 + D 2 + D 3 
3.1 D=l+l+4 

In the (1+1+4) decomposition the spacetime index A is decomposed as A = (1,2, a), 
with a = (3, 4, 5, 6), and L ABC = (L 12a , L ahd , L uh , L 2ah ). 

Table 2: Lagrangian in various decompositions: D = Di + D 2 + -D3. 



D=l+l+4 D=l+2+3 D=2+2+2 



123 




456 






123 


Zlab 


456 


Labc 




123 


L a bd 


456 


^ddb 


124 


Ll2a 


356 


^abc 




124 




356 






124 




356 




125 




346 






125 




346 






125 


L a bd 


346 


^dbd 


126 




345 






126 


Llaa 


345 


^aab 




126 




345 




134 




256 






134 




256 






134 


L aa b 


256 


^adb 


135 




246 






135 




246 






135 




246 




136 




245 






136 




245 






136 


Ladd 


245 


Ladd 


145 




236 






145 




236 






145 




236 




146 




235 






146 


L lab 


235 


^aba 




146 




235 




156 




234 






156 




234 






156 


^a'db 


234 


L adb 



From table 2 it is easy to see that, in terms of Labc, the Lagrangian can be 
expressed as 

W. = 6 £ + ^ E + ^ E (3 . 1) 

We neglect overall constant in Lagrangian, which is irrelevant to the following proof. 
Note that the case of a = is just L 2+ 4, the case of a = —1 is just L 1+5 , and the case 
of a = 1 is just L 1+5 while exchanging indices 1 and 2, as can be seen from table 1. 

We now follow the method in [14] to prove the self-dual property of Li + i +4 and fol- 
low the method in [10] to prove that the new non-covariant action gives field equations 
with 6d Lorentz invariance. 
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3.1.1 Self-duality in D=l+l+4 

First, we rewrite the Lagrangian as 



3(1 - a) - 



L 1+1+4 = 6F m (F 12 " - F m ) + 1 2 J - F uh (F Ub - F Ub ) 

+ ^^F 2ab (F^ - F^) 

ffi Tpabc , rp rpabc 3(1 — a) ~ 2 ab , 3(1 — a) 2 ab 

= -r- h -t + b-ub - b 9 .;b H b .;b 



abc ' abb ^ 2d6 ^ 2d6 

+ ^f^ + ^W* (3-2) 
The variation of the action Si + i +4 gives 

= -Qd a F 12a = (3.3) 



8S 1+1+4 _ ~ 12a 



5A 12 

which is identically zero. This means that terms involved A 12 only through total 
derivative terms and we have gauge symmetry 

5A 12 = $ 12 (3.4) 

for arbitrary functions <3>i 2 . The Gauge symmetry is crucial to prove the self-duality 
in following. 

Next, the field equations 

= ^ x + 1+4 = -Q(d 2 F 21d + d b F bla ) - 6(1 + a)d b F blil = -6(1 + a)d b F blh (3.5) 

= ^. +1+4 = -6(8^ + d b F b2a ) - 6(1 - a)d b F b2h = -6(1 - a)d b F b2h (3.6) 
has solutions 

Fiah = ^2ab^ 2d (3.7) 

F 2ab = e 12abcd d^ ld (3.8) 

for arbitrary functions <3> 2d and ty ld . 

We can now follow [14] to find a self-dual relation. First, taking the Hodge-dual of 
F lhb in above solution and identifying it to the solution T 2ilb in above equation we find 
that 

da$ 2b = e 12dbcd d^ ld (3.9) 

Acting d a on both sides gives 

d d d a ^ 2b = (3.10) 
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Following [14] , imposing the boundary condition that the regular field <3> 2b be vanished 
at infinities will lead to the unique solution $ 2fe = and we arrive at the self-duality 
conditions 

Flat = (3.11) 
Taking the Hodge-dual of we also obtain 

^246 = ( 3 - 12 ) 

Using above result the another field equation becomes 

-3(d 2 F 2dh + dcF^ + dxF^) 

-GdiF** - 3(1 + cOdi-F 1 ^ - 3(1 - a)d 2 T 2dh 
= -§di,T™ h (3.13) 

which has solution 

= ^ahcd^ 12 (3-14) 

We can now use the gauge symmetry of SA i2 = $12 to totally remove $ 12 in and 
we find a self-dual relation 

^6o = (3-15) 

These complete the proof. 

3.1.2 Lorentz Invariance in D=l+l+4 

As covariant symmetry on 4D coordinates X& is manifest we only need to examine 
transformations (I) mixing x\ with x„, (II) mixing x 2 with Xa and (II) mixing x\ with 
x 2 . 

(I) For the mixing X\ with x^ we shall consider the transformation 

Sx & = u hl xi = A" xi, (3.16) 

5x l = oj m Xa = -A* Xa = -A-x (3.17) 

Define 

A- L = (A-x)d 1 -x 1 (A-d) (3.18) 
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then (detailed in Appendix A) 

5F l2tl = {A-L)F l2h + A b F b2h (3.19) 

5F. h6 = {A.L)F hbt -A h F lbt -A b F hU -A t F hbl (3.20) 

5F Ub = ^-L)F lhb + A c F tab (3.21) 

^ = (A • L)F 2hh - A h F 21b - h. h F 2 ai (3.22) 
Use above transformation we can find 

SF 12d = (A- L)F U a + -e 12hbdd (S spin F bcd ) 

= (A • L)F 12h + \e l2hbtd [-A b F lid - A*F bld - A d F ba ] 

= (A • L)F 12 a + A b F hb2 (3.23) 
6F Ub = (A ■ L)F Ub + ^e ldb2dd (5 S p in F 2dd • 3) 

= (A • L)F lab + \e lab2cd [-^ c F 2ld - A d F 2 *} 

= (A • L)F ldb + A 6 F 6db (3.24) 

in which 5 sp i n F is defined in Appendix A. Therefore 

6(F 12h -F 12d ) = {A.L){F l2tl -F l2h )+A b {F, b2 -F kb2 ) (3.25) 

6(F Ub -F uh ) = (A.L)(F ldb -F ldb ) + A\F ddb -F cah ) (3.26) 

which are zero for self-dual theory and the non-covariant action gives field equations 
with 6d Lorentz transformation mixing x\ with Xa- 

(II) With exchange the index 1 <->• 2 above result also shows that the non-covariant 
action gives field equations with 6d Lorentz transformation mixing x 2 with x h - 

(III) Finally, we consider the mixing x\ with x 2 . The transformation is 

Sx 1 = cu 12 x 2 = A x 2 , (3.27) 

5x 2 = cu 21 x 1 = -A xi (3.28) 



Define 



then 



A • L = (Ax 2 )d! - x x (Ad 2 ) (3.29) 

5F 12& = (A-L)F 12d (3.30) 

5F hb6 = (A-L)F abc (3.31) 

Mm = ^-L)F ldb -AF ab2 (3.32) 

5F 2 . b = (A-L)F 2db + AF abl (3.33) 
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Use above transformation we can calculate the transformations of F^d and F lab . Then 
we see that 

5(F 12a - F 12& ) = (A-L)(F 12a -F 12& ) (3.34) 
S(F Ub -Fui,) = ^■L)(F Ub -F ui> )-HF, i>2 -F. i>2 ) (3.35) 

which are zero for self-dual theory and the non-covariant action gives field equations 
with 6d Lorentz transformation mixing x\ with x 2 . 

In summary, we have found the non-covariant action of self-dual 2-form in decom- 
position D = 1 + 1 + 4 and have checked that the non-covariant action gives field 
equations with 6d Lorentz transformation. 



3.2 D=l+2+3 

In the (1+2+3) decomposition the spacetime index A is decomposed as A = (l,a, d), 
with a = (2,3), a = (4,5,6), and L ABC = (L lab , L laa , L ui) , L dbd , L adb , L ab a). From 
table 2 it is easy to see that, in terms of Labc, the Lagrangian can be expressed as 

L 1+2+3 = £ L hbc + 6 £ L laa + 3 ^ L lab (3.36) 

Choosing L lab + L laa + L lab is just L 1+5 , and choosing L lab + Li ad + L abd is just L 3+3 , 
as can be seen from table 1. 

We now follow the method in [14] to prove the self-dual property of Li +2 +3 and fol- 
low the method in [10] to prove that the new non-covariant action gives field equations 
with 6d Lorentz invariance. 



3.2.1 Self-duality in D=l+2+3 

First, we rewrite the Lagrangian as 

£i +2+ 3 = F. b .(F hhi - F hbt ) + QF la a(F lad - F lah ) + 2>F lhh {F lhi) - F lhh ) 

= -3F lab F lab + 3F lab F lab - 3F a . b F adb + 3F adb F a « b - 3F abd F abd + 3F abtl F abi 

(3.37) 

The variation of the action 6*1+2+3 gives 

£>5l+2+3 ~ aU ~ bla 



5A la 



= -Q(d a F ala + d b F bla ) = (3.38) 
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which is identically zero. This means that terms involved A\ a only through total 
derivative terms and we have a gauge symmetry 



5A la = $ u (3.39) 

for arbitrary functions 
Next, the field equation 

= r 1 + 2+3 = -3(d 6 F™ h + d x F lilb + d a F ailb ) - 6d a F atlb = -Qd a F ahb (3.40) 
6A db 

has solution 

jadh = e labdbc db Q u ( 341 ) 

for arbitrary functions $ic- Using the above gauge symmetry to completely remove 
$ic in T ahb we obtain a self-dual relation 

Faah = (3-42) 

To proceed we need to find more gauge symmetry. First, as term $ic is shown as 
db&ic = ^£ in J raab we have a furthermore symmetry 

SA 1& = W 1& (x 1 ,x & ) (3.43) 

in which Wia(xi,Xa) is an arbitrary function independing on the coordinate x a . In 
short, after using the gauge symmetry to find a self-dual relation we still have above 
"residual gauge symmetries". Next, as field A hb only appears as d a A ab in J raah ) therefore 
the previous results does not be modified under the variation 

SA ab = W db ( Xlj x a ) (3.44) 

in which W db (xi, Xd) is an arbitrary function independing on the coordinate x a . We will 
use the two residual gauge symmetries to find other self-duality relations. Note 
that these residual gauge symmetries do not spoil any of the self-duality conditions 
already satisfied. 

Now, the field equation 

= 1 + 2+3 = -6(<9 1 F lad + d b F boA + d b F bail ) + l2(d b T bah + d b F bail ) 
oA a d 

= l2{d b F bah + d b F bah ) = d b T bah (3.45) 
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tells us that T baa is independent of the coordinate u x a " ■ 
In the same way, the field equation 

= r 1 + 2+3 = -6(d a F" la + d b F bla ) - \2d b F bla = -l2d b F bla (3.46) 
oA la 

tells us that F lab is independent of the coordinate "x a " . 
Finally, using above properties the field equation 

Q= 1+2+3 = _ 3 ( dl piab + q & paabj + QtQ^ab + Q.jraabj 

oA ab 

= 6(di T loh + d a F hab ) (3.47) 

has solution 

-lab Abe 



F = e abc d a W bd (x u x a ) (3.48) 

T abh = e dbd [-d 1 W bd (x 1 ,x a ) + d b W u (x 1 ,x a )} (3.49) 

As W bt and Wit are arbitrary functions independing on the coordinates "x a " we can 
use the residual gauge symmetries to completely remove W bt and W\ c . Thus we obtain 
the self-dual relations 

Flab = (3.50) 

Faba = (3.51) 

These complete the proof. 



3.2.2 Lorentz Invariance in D=l+2+3 

As covariant symmetry on 2D coordinates x a and 3D coordinates x a are manifest we 
only need to examine transformations (I) mixing x\ with x a , (II) mixing x\ with x a 
and (III) mixing x a with x a . 

(I) For the mixing X\ with x a we shall consider the transformation 

5x h = cu dl x 1 =A d x 1 , (3.52) 

5x l = u m x a = -A* x a = -A • x (3.53) 

Define 

A-L = (A-x)d 1 -xi(A-a) (3.54) 
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then we see that 



S(F lab 


— Flab) 


= (A- 


■L)(Fiab 


— F lab ) — A a (F aba 


Faba) 


(3.55) 




~ Fiat) 


= (A' 


■L)(F lab 


- F lab ) + A%F cab 


~ Fdab) 


(3.56) 


5(F Ub 


~ Flab) 


= (A' 


■L)(F lab 


~ F lab ) + A d (F cab 


~ F dab ) 


(3.57) 



which are zero for self-dual theory and the non-covariant action gives field equation 
with 6d Lorentz transformation mixing Xi with x a . 

(II) For the mixing Xi with x a we shall consider the transformation 

5x a = u al xi=A a xi, (3.58) 
5x l = co la x a = -A a x a = -A-x (3.59) 

Define 

A-L= (A-x)di -xi(A-d) (3.60) 

then we see that 

(3.61) 
(3.62) 
(3.63) 

which are zero for self-dual theory and the non-covariant action gives field equation 
with 6d Lorentz transformation mixing Xi with x a . 

(III) Finally, we consider the mixing x a with x a . In this case the transformation is 

5x a = A a h x a (3.64) 
5x a = A h a x a (3.65) 



5(F lab 


— Flab) 


= (A' 


■L)(Fi ab 


— Fia b ) 


S(Fl aa 


— Fiaa) 


= (A' 


■L)(Fi aa 


- Fiaa) + A C (F cab - F cab ) 


5(F U b 


~ Flab) 


= (A' 


L)(Fi ab 


~ Fiah) + ^ C (F cab — F chb ) 



Define 



then we see that 



A • L = A a \x a d a - x a da) (3.66) 



S(Fiab - Fiab) = (A • L)(Fi ab - F lab ) - A a \Fiab - Fiab) - K\F lab - F lab ) (3.67) 
S(Fiab - Fiab) = (A • L)(F lab - F lab ) - A a \F lab - F lab ) - A^(F lab - F lab ) (3.68) 
KFiab - F lab ) = (A • L)(F Ub - F lab ) + A a a (F lah - F lab ) + A\(Fi ab - F mb ) (3.69) 
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which are zero for self-dual theory and the non-covariant action gives field equation 
with 6d Lorentz transformation mixing x a with x a . 



In summary, we have found the non-covariant action of self-dual 2-form in decom- 
position D = 1 + 2 + 3 and have checked that the non-covariant action gives field 
equation with 6d Lorentz transformation. 

3.3 D=2+2+2 

In the (2+2+2) decomposition the spacetime index A is decomposed as A = (a, a, a), 
with a = (1,2), a — (3, 4) and a = (5, 6). Now, from table 2 we see that Labc — (L atib , 
L aa h L abd, L dbd , L a&b , L adi , L ail - d ). Then, in terms of L ABC the Lagrangian can be 
expressed as 

^2+2+2 = Y L abd + Y L abd + Y L adb + Y L "-dd (3.70) 

We now follow the method in [14] to prove the self-dual property of L2+2+2 and follow 
the method in [10] to prove that the new non-covariant action gives field equations 
with 6d Lorentz invariance. 

3.3.1 Self-duality in D=2+2+2 

First, we rewrite the Lagrangian as 

£2+2+2 = Fabd(F abh - F abh ) + F abd {F abd - F aba ) + F a - b (F adb - F ahb ) 

~\~F • ••i^p iaa '^' jpa,dd^ 

rp rpddb j_ rp rpddb rp rpdbd < rp rpdbd jp rpadb < rp rpadb 

r ddb r "•" r ddb r r abd r "•" r dbd r r adb r r adb r 

The variation of the action $2+2+3 gives 

-(daF aab + d d F aab ) = (3.72) 



£> $2+2+2 /rj ^aab , a TPaab\ 



SA ab 

which is identically zero and terms involved A ab only through total derivative terms. 
Thus, as before, we have a gauge symmetry 

SA ab = $ a5 (3.73) 

for arbitrary functions Q ab . 
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Next, the field equation 

r q 

= 2 + 2+2 = -(d a F ahh + - 2d s J^ = -1daT™ h (3.74) 

M d6 

has solution 

for arbitrary functions $ a6 . As before, we can now use the gauge symmetry of A ab to 
reduce to be zero 

^ = (3.76) 

and find the first self-dual relation. 



To proceed we need to find more gauge symmetry. First, as term & ab is shown as 
d-^ab in F aha we have a furthermore symmetry 

5A ab = W ab (x a ,Xa) (3.77) 

in which W ab (x a ,Xa) is an arbitrary function independing on the coordinate x„. In 
short, after using the gauge symmetry to find a self-dual relation we still have above 
residual gauge symmetries. Next, as field A hb appears only as ddA hb in T khd the above 
relations do not be modified under the variation 

5A hb = W hh {x a ,Xa) (3.78) 

in which W hh {x a , x„) is an arbitrary function independing on the coordinate x a . We 
need the above two residual gauge symmetries to find other self-duality relations in 
below. Note that these residual gauge symmetries do not spoil any of the self-duality 
conditions already satisfied. 

Now, consider the field equation 

= 2 + 2+2 = -2{d b F bah + d h F hah + d d F dail ) + 2daT dah = 2daT hah (3.79) 

0A a a 

which has solution 

Faaa = e abhb ^ bh (3.80) 

We can now follow [14] to find another self-dual relation. First, taking the Hodge-dual 
of both sides in above equation we find that 

Faaa = <9d$ad (3.81) 
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Identifying above two solutions leads to 

da^aa = (3.82) 

Acting d a a on both sides gives 

d & d^ ah = (3.83) 

Following [14], imposing the boundary condition that the regular field <& a a be vanished 
at infinities will lead to the unique solution <3> a(i = and we arrive at the self-duality 
conditions 

Faaa = (3.84) 

To proceed we need to find one more gauge symmetry. As term $ a(i is shown as da&aa 
in J^ aaa we have a furthermore symmetry 

SA a a = W a a(x a ,Xa) (3.85) 

in which W a d(x a ,Xa) is an arbitrary function independing on the coordinate x„. In 
short, after using the gauge symmetry to find a self-dual relation we still have above 
residual gauge symmetries. We need the above residual gauge symmetries to find 
other self-duality relations in below. Note that these residual gauge symmetries do not 
spoil any of the self-duality conditions already satisfied. 

Use the found self-dual relation the field equation becomes 

= 2+2+2 = ■Mi) h r'"'' i + d b F bdd + d a F add ) + Ad b T lhd + Ad b F Wd + Ad a F ahd 

= U),^" 1 (3.86) 

Thus J raab is independent of coordinate Xa 
In a same way, the field equation becomes 

= 2+2+2 = -2(d b F iad + d b F had + d b F had ) + Ad b J- iad + 2daF had 

= Ad b F lad (3.87) 

Thus T aah is independent of coordinate x d 

Use above property of independent of coordinate x d the final field equation 

= 2+2+2 = -(daF ddi + d a F adb ) + 2daT ddh + 2d a F adb 

= 2daT ddh + 1d a T adl (3.88) 
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gives the solution 



-padb 
-padb 



c abdbdb 
nbdbdb 



e J [d b W ab + d a W bb ] 



[d a W bb + d b W ab ] 



(3.89) 
(3.90) 



As W ab , Wad and W a b are arbitrary functions independing on the coordinates ll x a " we 
can use the "residual gauge symmetries" to completely remove them. Thus we obtain 
the self-dual relations 



(3.91) 
(3.92) 



-padb = q 
-padb = q 

These complete the proof. 

3.3.2 Lorentz Invariance in D=2+2+2 

As covariant symmetry on 2D coordinates x a , 2D coordinates x a and 2D coordinates 
x a are manifest we only need to examine transformations (I) mixing x a with x a , (II) 
mixing x a with x a and (III) mixing x a with x a . 

We consider the mixing x a with x a . In this case the transformation is 



5x a 



A/ x. 



Define 



then 



^X a A^ "^a 



A • L = A a \x a d a - x a d a ) 



SFabd — 


(A 


L)F aba 


- A b F- 

ly a r bbd 


~ K b F aba 


8F aba = 


(A 


L)F aba 


- A b F- 

1V a r bbd 


- A b b F aba 


5F aab = 


(A 


L ) F adb 


4- A 6 F ■ 

+ IV d r abb 


+ A b b F a db 


SF ... — 

u± aaa 


(A 


L)F aaa 


- A b F- 

a bad 


— A h a Fabd 


5F a db = 


(A 


L ) F adb 


— A d F ■■ 

a ddb 




tFddh = 


(A 


L )F aab 


4- A a F ■■ 

' 11 d r adb 




SF ab& = 


(A 


L ) F abd 


4- A a F ■ 

^ 1V a r aba 


+ A b b Fabd 



(3.93) 
(3.94) 



(3.95) 



(3.96) 
(3.97) 
(3.98) 
(3.99) 
(3.100) 
(3.101) 
(3.102) 
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Use above transformation we can calculate the transformations of F aba -, F aba , F aab and 
F a aa- Then we see that 

S(F aba - F aba ) = (A • L)(F aba - F aba ) - A a \F bba - F bba ) - A b b (F aba - F aba ) (3.103) 
S(F abd - F aba ) = (A • L)(F abd - F aba ) - A a \F bb , - F b J - A b \F ab , - F abd ) (3.104) 
KKdb " Kah) = (A • L)(F a . b - F aab ) + A\(F abb - F abb ) + A\(F aM - F ahb ) (3.105) 
S(F aa& - F aad ) = (A • L)(F aa - d - Faaa) - A a \F ba . a - F b J - A b a (F aba - F aba ) (3.106) 

which are zero for self-dual theory and the non-covariant action gives field equations 
with 6d Lorentz transformation mixing x a with x a . The transformation mixing x a with 
x d and mixing x a with x a have the similar results. 

In summary, we have found the non-covariant action of self-dual 2-form in decom- 
position D = 2 + 2 + 2 and checked that the non-covariant action gives field equations 
with 6d Lorentz transformation. 



4 Other Decomposition and Spacetime 
4.1 Other Decomposition : D=l+l+l+3 

Besides the decomposition in section 2 and section 3 there are many other possible de- 
compositions. We will in this subsection see that it is possible to found the Lagrangian 
of self-dual 2 form in decomposition : D — 1 + 1 + 1 + 3. 

In the (1 + 1+1+3) decomposition the spacetime index A is decomposed as A = 
(1,2, 3, a), with a = (4,5,6),and L ABC = (L 123 , L 12a , L 13a , L lab , L abt , L 2ab , L 3aij , L 23a )- 
From table 3 it is easy to see that, in terms of Labc-, the Lagrangian can be expressed 
as 

3 6 

L 1+1+1+3 = 6L 123 + 6 £ L 12a + 6 £ L 13a + - ]T L lab + - ^ L 23a (4.1) 

Other choices will becomes the decompositions in section 2 or section 3, as can be seen 
from table 1 and table 2. Note that the factor 6 or 3 in (4.1) is to count the number 
of possible permutation and the factor \ in (4.1) revels that fact we have counted both 
the left-hand side and right-hand side in table 3. 

Table 3: Lagrangian in decompositions: D = 1 + 1 + 1 + 3. 



18 



D=l+l+l+3 



123 


L\23 


456 


x . 

^ abc 


1 94 








IZrrJ 


M2d 


1A(\ 
o^u 


y . 

<^3ab 


126 




345 




1 34 




256 




135 


-^13d 


246 




136 




245 




145 




236 




146 




235 


L 23 a 


156 




234 





We follow the method in [14] to prove the self-dual property of L 1+1+1+3 and follow 
the method in [10] to prove that the new non-covariant action gives field equations 
with 6d Lorentz invariance. 

4.1.1 Self-duality in D=l+l+l+3 

First, we rewrite the Lagrangian as 

L 1+1+1+3 = 6F 123 (F 123 -F 123 ) + 6F 12 ,(F^ 

+ \F lhb {F lilh - F ldb ) + Q -F 2 „{F^ - F 23<i ) 
= -F ab ,F abc + F, b6 F abc - 3F 3ab F 3ab + 3F zhb F™ - 3F 2hh F™ + 3F 2ab F 2ab 
-3F 23il F 23d + 3F 23 ,F 23h - ^F 1M F ldb + ^F ldb F ldb (4.2) 

The variation of the action Si+i+i+3 gives 

* 5l + 1+1+3 = -69 3 f 312 - ea,^ 12 = o, (4.3) 

oA 12 

5Sl ^+ 3 = -Qd 2 F 213 - Qd d F« 13 = (4.4) 
SA 13 

which are identically zero. This means that terms involved A 12 and A 13 only through 
total derivative terms and we have a gauge symmetry 

SA 12 = $ 12 (4.5) 
5A 13 = $ 13 (4.6) 



for arbitrary functions $12 and $13. 
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We also have following two field equations 

= 1+1+1+3 = -Q(d 2 F 2ia + d 3 F 3U + d b F blh ) + Qd h F' Ad = Qd b T hld (4.7) 

oAia 

= ^ 1+1+1+3 = -6(d 1 F™ + d & F* 23 ) + 6d & F S3 = 6d & F™ (4.8) 

which imply the solutions 

-plab = e 123d6c a . $23 ^ 
■pWa = e 123aK 9 . $i . ^ 1Q ) 

Take the Hodge-dual of the first solution and compare it with the second solution we 
find that 

d a ^> lb = e 123abd d^ 23 (4.11) 

After acting d a on both sides we find that 

d d da$ lb = (4.12) 

As described in [14], imposing the boundary condition that the regular field <& lb be 
vanished at infinities leads to the unique solution = 0. Then we arrive at the 
self-duality conditions 

^23d = (4.13) 
In a similar way we can also find another self-duality conditions 

Fiah = (4.14) 
Using above result the field equation 

= 6S \ +1 A +1+3 = -6(a 1 F 12(i + d 3 F 32h + d b F h2d ) + Qd 3 ^ + \2d b 7 h2k 

= Qd 3 F 32h + Yld b 7 h2h = Yld b 7 h2h (4.15) 

implies 

?2ai> = e i23d b c^<f 13 (4.16) 

Thus, use the gauge symmetry 5Ai 3 = $i 3 we can completely remove the function <3>i 3 
and find the self-dual relation. 

^ = (4.17) 
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In the same way, the field equation 

o = 5S \ +1 A +1+3 = -6(a 1 F 13d + a 2 F 23d + a 2 F 23d ) + 6a 2 ^ 23d + i2^ 3d 

= 6d 2 T 23 * + Yld h T b3h = Yld h T b3h (4.18) 

implies 

= W^i2 (4-19) 

Thus, use the gauge symmetry (L4 12 = $12 we can completely remove the function <3> 12 
and find the self-dual relation. 

= (4.20) 
Finally, through the calculation the field equation becomes 

= 6Sl + 1+1+3 = s(d d F ddb + d 3 F 3db + d 2 F 2hb + d^) 

SA ab 

+6d 6 F™ b + 6d 3 F 3dh + 6d 2 F 2db + ?>d x F lhh 
= 6dcF ddb + 6d 3 F 3db + §d 2 T 2b - b + 2,d x F lhb = §d b T thb (4.21) 

in which we have used the found self-duality rlations. Above field equation has solution 

^ c = W^\x 2 ,x 3 ) (4.22) 

where <£>( OC . *jC> p. *JC ^ IS independent of the coordinates x a . As $( be written 

as dif l (x l , x 2 , x 3 ), with i = 1, 2, 3, the function $(x x , x 2 , x 3 ) can be absorbed by a field 
redefinition — > + £ijkf k (x 1 , x 2 , x 3 ). Thus, we have another self-duality condition 

= (4-23) 

Together with other self-duality conditions we have found all self-duality conditions 
and complete the proof. 

4.1.2 Lorentz Invariance in D=l+l+l-|-3 

As covariant symmetry on 2D coordinates x a is manifest we only need to examine trans- 
formations (I) mixing x\ with x 2 and (II) mixing x\ with x a . Other transformations 
needed to examine are just the exchange of 1 -H- 2, 1 f) 3 or 2 e 3. 
(I) For the mixing X\ with x a we shall consider the transformation 

8x & = u ill x 1 =K il x u (4.24) 
5x l = u m x A = -A* x a = -A-x (4.25) 
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Define 

A • L = (A • x)d 1 - Xl (A • d) (4.26) 

then we see that 

5(F 123 - F 123 ) = (A • L)(F 123 - F 123 ) + A«(F a23 - F d23 ) (4.27) 

S(F 12a - F 12h ) = (A • L)(F 12a - F 12a ) + A b (F b2 , - F b2h ) (4.28) 

S(F 13a - F 13d ) = (A • L)(F 13a - F 13a ) + A b (F b3A - F b3 .) (4.29) 

Wa^ - F uh ) = (A • L){F lhb - F Ub ) + A c (F„ b - F dab ) (4.30) 

which are zero for self-dual theory and the non-covariant action gives field equations 
with 6d Lorentz transformation mixing x\ with x a . 

(II) For the mixing X\ with x 2 we shall consider the transformation 

5X 1 = cu 12 x 2 = A x 2 , (4.31) 

5x 2 = cu 21 xi = -A xi (4.32) 

Define 

A • L = Ax 2 di - x 2 A3i (4.33) 

(4.34) 
(4.35) 
(4.36) 
(4.37) 

which are zero for self-dual theory and the non-covariant action gives field equations 
with 6d Lorentz transformation mixing Xi with x 2 . 

In summary, we have found the non-covariant action of self-dual 2-form in decompo- 
sition D = 1 + 1 + 1 + 3 and checked that the non-covariant action gives field equations 
with 6d Lorentz transformation. 

4.2 Decomposition in Other Spacetime 

We have seen that the Lagrangian of self-dual 2-form gauge field could be expressed as 
many different formulations. The extension to other form is straightforward. 



then we see that 



S(F l23 


— Fi 23 ) 


= (A' 


1 L)(F 123 


— Fi 23 ) 




S(F 12d 


— Fi 2 a) 


= (A 


■L){F l2h 


— Fi 2 a) 




S(F 13d 


— Fi 3 a) 


= (A^ 


■L){F l3h 


— Fi 3 a) 


— A{F 23 a — F 23 a, 




~~ F ldb ) 


= (A' 


■L)(F lab 


~ F lilb ) 


~ ^\F 2a b ~ F 2tl b) 
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For example, the self-dual 4-form gauge field in fO D can be decomposed as D = 
D\ + D 2 , which is proved in [14]. For the decompositions D = 1 + 9, see table 4, the 
Lagrangian can be expressed as 



'1+9 



- I> 



withd= (2, ••■,!()). 



(4.38) 



Table 4: Lagrangian in decompositions: D = 1 + 9 and D — 1 + 1 + 8. 
D=l+9 D=l+l+8 



L 



labcd 



^Yldbc 


^dbcde 


J-'labcd 


^2dbcd 



The decomposition in D = D\ + D 2 + -D3 can also be performed as before. In the 
case of D = 1 + 1 + 8 then, as that in section 3.1, the spacetime index A is decomposed 
as^= (l,2,d), with a = (3, • • •, 10), and L ABCEF = (L 12eA& , L hh6d -,L ui)6d , L 2&i)dd ). From 
table 4 we see that Lagrangian can be expressed as 

^1+1+8 = ~\ (6 E L 12abc + 4 E L 2abc d ) 

Choosing L l2h ^ d + L 2h ^ is just the decomposition D = 1 + 9 in [14]. The proof of 
self-dual relation is the same as those in section 3.1. 



In conclusion, there are many different formulations of the self-dual gauge field. As 
the decomposition has many kind it seems not easy to provide a general proof of the 
self-dual relation in there and we have used some examples to illuminate the property. 



5 Conclusion 

In this paper we have first reviewed the Lagrangian of self-dual gauge theory in various 
non-covariant formulations. Then, we see a simple rule in there and use it to present 
some new Lagrangian of non-covariant forms of self-dual gauge theory. We see that 
the existence of gauge symmetry 5 A = $ in the Lagrangian play important role of the 
self-dual relation. Using this as the guiding principle we have found many different 
formulations. It is interesting to see that in some cases it remains only one possible 
choice for the specified decomposition. Especially, we have followed the prescription 
in [14] to prove the self-dual property in the new Lagrangian in a detailed way. We 
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also have followed the method of Perry and Schwarz in to show that these new non- 
covariant actions give field equations with 6d Lorentz invariance. 

Finally, the covariant form in each decomposition may be found by following the 
method in [9,10,13] and we leave the study in future research. It also remains to see 
whether the non-abelin self-dual gauge theory in 1+5 dimension [15] could be decom- 
posed in other way. 

Acknowledgments : The author thanks Kuo-Wei Huang for interesting discussion 
in the initial stage of investigation. This work is supported in part by the Taiwan 
National Science Council. 



APPENDIX 
A Coordinate Transformation 

In this appendix we evaluate in detail the Lorentz transformation of 2-form field 
strength. 

Under the coordinate transformation : x a — > x a + 5x a we consider the tensor field 
f mnp(xo) defined by 

<9x^ dx^ dcc'^ 

F M Np(Xa) FMNP(Xa + Sx a ) EE Q^M Q^F F Q RS ( X a + Sx a ) 

~ F M Np(x a + 8x a ) + Q _ M g _ N g _ p F QRS (x a ) (A.l) 

For the transformation mixing between x\ with x^ (/j ^ 1) the relation 5x a = u a bX b 
leads to 8x\ = — A M x M and Sx^ = A^x 1 in which we define u^i = — oji m = A M . 
The orbital part of transformation [10] is defined by 

fiorbFMNP = F MNP (x a + u) a bX b ) — F MNP (x a ) ~ [Sx a ] • d a F MNP 

= [u ab x b ■ d a ]F MNP = [u^d^FMNp + [u^x^Fmnp 
= [A^d l }F MNP -x l [A^]F MNP 

= [(A-x)d 1 -x\K-d)]F MNP = {K-L)F MN p (A.2) 
Note that 5 or b is independent of index MNP and is universal for all type tensor. 
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The spin part of transformation [10] becomes 
dx Q dx R dx s 



Ospin-H fivX 



dx^ dx u dx x 
d(Sx 1 ) dx R dx 



Hqrs{x) — H^x 

d(Sx a ) dx R dx s 



dx^ dx u dx x 
dx Q (Sx a ) dx s 
dx^ dx u dx x 
d(5x 1 ) dx R dx s 
dx^ dx v dx x 
+ 



Hirs(x) 



+ 



dx^ dx v dx x 
dx® dx R d(Sx 1 



H aRS (x) 



+ 



dx Q (Sx 1 ) dx' 



H, 



HiRsix) + 



dx^ dx u dx x 
dx Q (dx 1 ) dx s 



■Hq R i(x) + 



dx^ dx v dx x 
dx Q dx R d(8x a ) 
dx^ dx v dx x 



Q1S 



X 



H, 



QRa\ 



-A V H, 



dx^ dx v dx x 



A\H^ v i 



. . dx Q dx R diSx 1 ) TT . . 



(A.3) 



and 8H fl „\ — 5 or bH flu \ + S sp i n H^ v \ 
In a same way 



SspinH 



dx Q dx R dx s 



dx^ dx v dx 
8(6 x 1 ) dx R dx s 



dx^ 1 dx y dx 1 
dx® (Sx a ) dx s 
dx» dx- dx 1 QaS ^ X 
d(5x 1 ) dx R dx s 



T H QRS (x) 

Hirs(x) + 
+ 



d(5x a ) dx R dx s 
dx^ dx u dx 
dx® dx R d(5x 1 



T H aRS (x) 



+ 



dx^ dx u dx 1 



H 



IRS 



X) + 



dx^ dx" dx 1 
dx Q (Sx 1 ) dx s 



-H, 



QRl 



[x] + 



-dx® (Sx 1 ) dx s 

- dxv dx v dx 1 
dx Q dx R d(Sx x ) 
dx>* dx v dx 1 x 



Hqis(x 
H 



x) 



dx^ dx u dx 1 



H, 



Q1S 



[x) + 



dx® dx R d(S 



x 



dx^ dx" dx 1 



QRX 



X 



+ + A X H 



(A.4) 



and SH 



S orbH 



(A ■ L)H 



fivl 



A X H 



fiuX- 
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